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1. Introduc tion

In his 1956 paper~’~~, Moser mentions a lottery puzzle

posed by Cayley in 1875(2). Moser discusses a formalized

game in optimal stopping , closely related to Cayley ’s puzzle ,

and supplies a solution.

In Section II of this paper , we describe Moser ’s Game

and repeat its solution , following , in the main , the lucid
(3) *treatment of Howard . In Section III we introduce a

generaliza tion of the game - - an extension which we believe

to be novel - - and give its solution. Section IV briefly

discusses the applicabili ty of the extended problem to matt ers

involving the allocation of limited resources.

II. Moser ’s Game

The problem under discussion may be posed in the form

of a game against Nature :

A player wi th a marker observes repeated draws

of a random sample from a known probabili ty distri-

bution on the real numbers. Upon observing the

magni tude , x , of a draw , he may choose to tag (1)

that draw with his marker : should he do so , the

game is over and its value is x. Should he not
_________________________________________________________ •~ Q S~~1øi~ ~~

* A discussion of Moser ’s Game , under a variety of names , 
f~~~:to~ ~

is found in many treatises on Dynamic Programming or 
____

Optima l Stopp ing Theory.

1

-



tag (T) that draw , it is discarded and another draw

made and offered to him. At the beginning of the

game he knows that he may observe as many as s

draws if he chooses to do so.

What stopping strategy ought he to adopt to

max imize the value of the game? I.e., how shal l

he decide when to tag a draw?

Howard’s formulation of the solution (with notational

changes) is followed below , with some simplif ication. Let :

s No. of remaining choices or draws (or stages) .

t(s), or t , Threshold for stopping at Stage s.

I.e., if the draw at Stage s exceeds t , the

player will tag it; else , he will pass it and

go to Stage (s-i).

v(s) The expected value of the game when the player

is in Stage s and is using a general tagg ing strategy.

v*(s) The expected value of being in Stage s, given

that the player utilizes an optimal tagg ing strategy.

The player will tag a draw if it is sufficiently large

in magnitude , in the expectation that none of the limited

number of future draws will be larger . Thu s, a tagging

strategy is simply a sequence of thresholds , one for each

stage. The player compares the draw at a stage with the

appropria te threshold and tags or not according as the

2
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draws exceeds or fall short of the threshold. Then the

value of the game is the weighted sum of the values which

are expected to resul t from tagging or from continuing :

v(s) = Pr(TIt) <ValueIT ,t> + Pr (TIt)v(s-i) (1)

Now , the probabili ty of tagging is the probabili ty that

the draw , x , exceed the threshold:

Pr (Tj t) = Pr (x > t)

Of course:

Pr(Tjt) = 1 - Pr (x ~ t)

The value of the halted game is the expected value of x ,

given that it exceeds the threshold :

<ValuelT ,t> = E (xlx ~ t)

Eq (1) may, therefore, be written :

v(s) = Pr(x > t) E(xlx > t) + Cl-Pr(x > t)) v(s-l) (2)

Uniform Distribu tion -

In the special case of drawing from a dis tribution which

is uniform over (0,1), we have :

Pr (x > t) = (l-t)

E (xlx > t )  = ½(l+t)

and Eq (2) becomes:

v(s) = ½(l-t 2) + tv(s-l) (3)

If we assume that the player is using an optimal tagging

strategy, we mus t have :

3
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v*(s) = 
max {l (l~~

2
) + tv*(s_ 1)) (4)

By d ifferentiating the terms within brackets with respect to

t(s), we find that the optimal threshold is given by:

t*(s) = t~ = v*(s_l)

I.e., the best threshold at a stage equals the value of the

game at the subsequent stage. (Qui te reasonable: if the

curren t draw promises to be bett er than the value of the

residual game , then tag the draw ; otherwise , continue.)

Substituting this into Eq(4):

v*(s) = ½ {l + t*2(s))

= ½C l + v*
2(s_ i))

Eq(5) is a recursion formula for the value of the game

at any stage in terms of the values at later stages. To ini-

tiate the recursion we require , as a given cond ition to the

problem , the value v*(0) -- how much the game is worth if the

player runs out of draws before applying his marker. The

most interesting case is v*(0) = 0, and we shall invar iably

assume this to hold. (This implies that the game has a null

value if the player never tags a draw.)

Table 1 (based on Howard , but derived independen tly)

shows v*(s) for the first 30 values of s. The value of the

game approaches 1 asymptotically for increasing s, as one

migh t expect from the nature of the game and the form of Eq(5).

4
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TABLE 1

OPTIMUM VALUES OF MOSER’S GAME ,
DRAWING FROM UNIFORM DISTRIBUTION (AFTER HOWARD~~

3
~~)

S V A L U E
0.5000
0.6 250
0.69!3
0. 7Q 17

S 0.7751

0. 800 11
0 .8203
0.83 6 14
0. 81498

10 0 .8611

0. 8707
0.879 1
0. 886 14
0 .8929

15 0 .898 6

0.9037
0 . 908 RI
0 .9126
0 . 916 14

20 0.9199

0 . 9 2 3 1
0.9~ 6 1
0 .9288
0 . 93 1 3

25 0 .9337

0. 9 359
0. 9379
0.9 .39 9
0.94 17

30 0 . 9 143 4

5
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Genera l Dis tr ibution

If , during the game , the drawings are made , no t from a

un i f orm dis tribu t ion , but ra ther from one wi th a prob abili ty

dens ity, f(.), it can readily be shown that the recursion

formula for v*(s) takes the form :

too r t*
v* ( s )  = J z f ( z )  dz + v *(s_l)J f(z) dz (6)

t* -Co

B y  d i f feren t ia t ing the r . h . s .  of Eq (6) wi th respec t to t~

and equating the result to 0, we find tha t the op t imal

threshold again obeys the rela t ion :

t*(s) = v*(s~ l) (7)

Numer ical problems may be encountered if the functions ,

f ( z )  and z f ( z ) ,  are not integr able in closed form .

III. Generaliza tion of Moser ’s Game

We generalize Moser ’s Game by giving the player , not

one , bu t n markers. As before , he has s draws and may tag

a draw or let it pass; if he tags it and if draws and markers

remain , the game resumes. At the end , the value of the game

is the sum of the tagged draws . We write: 
•

va(s) Expected value of a game which is in Stage s

with n markers remaining .

tn(S)~ 
or t Threshold used in Stage s wi th n markers.

Then we may write an equation analogous to Eq (l):

6
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va(s) 
= Pr(TIt) (<Value T,t ,n> + vn i (s

~
l))

+ {l
~
Pr(Tl t))vn

(s_ l) (8)

Eq (8) expresses the fac t tha t the value , vn (s), is the

weigh ted sum of the va lues of two exclusive alterna t ives:

i. Tagg ing the curren t draw , wh ich accrues the value

increment , <Value IT ,t ,n> , and leaves the player

wi th the value of the residual game , viz

v~~ 1(s-l)

ii. Passin g the curren t draw , which leave s the player

with a game of value , v~ (s-l)

By manipula t ions similar to those in Sec t ion II , we find :

v*~~(s) = 
max 

EPr(’rl t) (<Value T,t ,n> + v*~~ 1 (s~ l )}

+ (l
~ Pr (TI t))v*n (s~ l)] (9)

Un if orm Dis tribu t ion

Onc e again , ma tters s implif y if the draw ings aris e from

a uniform distribution over (0,1) .  Eq(9) becomes:

v*n (s) = 
max (l (l t2) + (l~ t)v*n l (s~ l) + tv *~~(s~ l )}  (10 )

By differen tia t ing wi thin the bracke ts , the op t imum threshold

is found to be:

t*~~(s) = v *n (s_l) 
-. v*n l (s_l) (11)

whence:

v*~~(s) = ½ [i + (v *n (s~ l)~ v*n l (s~ l ) } 2] + v* 1(s-l) (12) 

~~~~~~~~~~~~~~~~~~~~~~~~ ~
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This las t equa t ion may be more su gges tively wri tten as:

v*~ (s) = ½ (1 + t*2~~(s) )  + v * 1 (s~ l) (13)

to show its par allelism wi th Eq( 5) .

Eqs (l l) and (12 ) provide a recurrence rela t ion from

which v *n (s) can be de term ined , knowing the values of the

game for fewer markers and fewer draws . As before , ini tial

cond itions mus t be supplied, and we take v*1 (0) = v *2(0) =

= v*~~(0) = 0, which assigns a null value to any game in

which the player never tags a draw .

Table 2 lis ts values of v*~~(s ) for n from 2 to 9 , and

for the first 30 values of s. The corresponding thresholds

are shown as well. The asymp to t ic value of v*~~(s ) is , of

course , n , the approach to the limi t becoming slower wi th

increasing n. For the first n values of a game in which

there are s choices , the incremental value of the game is

½ per additional stage; this reflects the fact that , whenever

the player ‘has as many markers left as choices , he tags

each draw regardless of its magnitude , and gains an average

of ½ in value each time. Only when there are more draws

than markers lef t in a game does the p layer have an effective

choice of tagging or passing .

General Dis tribu t ion

For a general densi ty func t ion , f(.), for the draws , the

op t imal threshold is s till given by Eq( l l ) ,  and the recursion

8
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rela t ion for the va lue of a game is:

v* (s) = 
f00 

dz + v*~ i (s-l) ff (z) dz

+ v* (s- i)f f(z) dz (14)

The numeric al problems which mi ght be encoun ter ed ar e s im i lar

to those for the unex tended game .

IV . Di scus sion

Mos er ’s Game and its generaliz at ion are encoun tered in

some applicat ions wher e a limi ted number of res ourc es (‘ mark ers ’ )

are to be allocated against selected realizations of a quan-

tit y of recurrin g oppor tun itie s ( ‘draws ’ ) .  The par ti~ular

applica tion of in teres t to the wri ter , wh ich drew his atten-

t ion to this game , wa s this:

A defense commander controls a finite number (n)

of weapons. These are to be expended on an m di-

vidu al basis agains t s e lec ted members of an at-

tackin g force (of which there are s > n uni ts) .

The attackers come in to range one af ter the o ther

and the commander mus t decide , from an observed

score on each uni t - - hi gher scor es being cor-

related with more dangerous attackers - - , which

n units to intercept and which , perforce , to pass.

When not all attacking units can be engaged , and when

the attackers must be dealt with on a one-by-one basis , the

9
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TABLE 2

VALUES OF GENERALIZED MOSER ’ S GAME
DRAWING FROM UNIFORM DISTRIBUTION

N = 2  N = 3

S V~ L IE THRESHOLD S V A L T I E T H I ~E S H C I D
J•3300 0.0 0.5000 0.0
1.0000 0.0 1.3-J)) 0.0
1. 1953 3.3750 1.~~0C0 3.C
1.3203 C.5000 1.7(417 0.30a7

5 1.4391 ).5786 5 1.9091 0.14214

1.L’7€1 0.63(40 2.)314 1
1.52Q7 ).67~ 7 2 .1318
1.5712 0.70814 2.2135 3.6031
1.6)6(4 3•73147 2.2~ 5€ 0.63~ 3

10 1.5360 0.75c5 13 2.3303

1.6613 Q.7~ !49 2.3~~ C
1.6933 3.79)6 2.1417 (4
1.70214 0.80142 2,14528 3.73(42
1.7194 0.8160 2 .4839 C.7533

15 1.7314(4 0.8265 15 2.5116 O .76a6

1.7Ls79 0.8358 2.5365 0. 7772
1.7600 0. 8441 2.5588 0. 7e°€
1.771(~ 0.8517 2.5791 ).79~ 8
1.’810 0.8585 2.5975 0.90~ 0

20 1.7932 0.86(47 20 2.61(43 0.81614

1.7986 0.ê~ 03 2.6298 0.62141
1.806(1 0.875! 2.6(4140 0.8312
1 . 8 1 3 5  3.8903 2.65~’2 ).8377
1. 82 0 2  0.88147 2.669U 0. p1437

25 1.8263 3.8988 25 2.6808 3.81493

1.8321 0.8927 2.691L4 o.es’4 5
1.8375 O.89~ 2 2.7013 3.85’)3
1.8(42! 0.8996 2.7106 0.8638
1.8473 0.9027 2.7193 0.86~ 0

33 1.R~ 17 ).9356 30 2.7~ 75 0.e720

10
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TABLE 2
(Con t inued)

N = 4  N = 5

S V A L UE T HRESHO L D S V A L U E T HR~~5H C LD
C.5000 0.0 0.5003
1.0000 0.0 1.0000 0.0
1.5000 0.0 1.50C0 3.0
2.0000 0.0 2.00 00 0.0

5 2.279 1 3.2593 5 2.5003 3.0

2.14161 0.3660 2.80014 0.22149
2.6318 0. 14420 3.02 87 0.32 143
2.7568 0 .5000 3.210! 0 .396 9
2 .8597 0 .5462 3.3597 3~~l4 539

10 2 .9 ( 162  0 .5842 10 3.4 8 147 C.500 0

3.3200 0 .6 159 3.5912 0.5385
3.3837 J .64 29  3.6831 0.5712
3.1394 0.6663 3.7633 0.5994
3.18e! 3 .68b 5 3.8340 0 .6240

15 3.234 1 0.70 146 15 3 .8969 0.64 56

3.2712 3 .7235 3.°~~31 3.6647
3.306 11 0.73 147 4 .0037 0 .6 819
3.3382 3.7 1476 4 .049!  3 .6973
3.3672 0. 1592 14 .0912 0.7 112

23 3.3937 0 .7698 20 4 . 1 29 3  0. 7239

3.418 1 0.7794 14 . 1642 0. 7359
3.41405 0.7893 4.196! 0.74~ 2
3.4612 0.796(4 11.2262 0.7563
3.14804 0 . 80 (4 0 14 .2538 0.7650

25 3 •4 Q~~3 0.91 13 25 (4 .2795 0.7734

3.5149 0.8175 U . 3 0 3 U  0.7812
3.5305 0 .8235 14.3258 0.7889
3.5(151 3.8292 (4 .3467 0.7953
3.5588 0.83 145 (4 .366 14 0 . 80 1 7

33 3.5717 0.8395 33 4 .381( 9 3.8076

11
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TABLE 2
(Con t inued)

N = 6  N = 7

S VAL tE THR!SHCID S VALUE THBESHCL~0.5000 0.0 0.5000 0.0
1.0303 3.0 1.0000 0.0 4

1.5000 0.0 1.5000 0.0
2.3)00 3.0 2 .0000 0.0

5 2 .5 000 0.0 5 2 .5000 0.0

3 .0)03 3~~3 3.030~.~ 3.0
3.3203  0.1996 3.5000 0.0
3.5712 3.2916 3.8364 0. 1797
3.77~ 6 0.3607 4. 1064 0.2653

13 3.9 1162 3.4 158 10 41 .3303 3.3308

(1.0912 0.11615 L4 .~~1~~9 0.38141
I 1. 2 162  0 .5000  4 .6831 0 . 1428 9
(4 .3252 0.5331 14.8252 0. 14669
14.4212 0.56 19 4.9502 0 .5000

15 ~4.5J€ 4 -~.5871 15 5.0611 0.~~290

‘4 .5 e2 6 0.6096 c.1603
(4 .6512 0 .6296 5 .2495 3 .5776
4.7133 0.61176 5.3202 U.~~982t4.7ô98 3.6639 5.4036 0.6168

20 14.821! 0.6797 20 5.4707 0.6331

(4 .8688 3 .6922 5.5322 0 . 6 (4 9 2
(4 .912 5  3 .70Z 16 5.5889 0. 663 14
L4.9! 2e 0.7 160 5.6 1412 0 .676 (4
14.99C2 0.7266 5.6898 3.68914

25 5 .024 9  0 .7363 25 5.7349 0 .6 996

5.0573 0.745 14 5.7769
5.0 976 0. 1539 5.8163 0.7196
5.1160 0.761 8 5.8531 3. 72 86
5.1426 0 .7 6 9 2  5.8876 0 .7371

30 5.1677 3.7762 30 5.9201 0. 7453
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TABLE 2
(Con tinued)

N = 8  N = 9

S VA LUE T H R E S H C I D  S V A L U E  THR! SHC ID
0.5000 0.0 0.5000 0.0
1.3300 0.0 1.0000 3.0
1.5000 0.0 1.5000 0.0
2.0000 0.0 2.0300 0.0

5 2.5000 0.0 5 2.5000 0.0

3.0000 0.0 3.0000 0.0
3.5000 0.0 3.5000 0.0
14.0003 0.0 14 .0300 0.0
4.31158 0.1636 4.5000 0.0

10 4.6360 3.2(435 10 4 .8611 J.15’)2

14.8770 0.3057 5 . 1613 0.2251
~.0837 0.35 71 5.14174 0.~~843
9 .2633 3.4036 5.639 14 0.3337
5.4212 0 .4381 5.8340 0.3760

15 ~.561 1 0.4713 15 6.00614 3.11129

5.6861 0.5000 6. 1603 0.4453
5.798! 0 .5259 6.298! 0.4741
5.9002 0.5 1191 6.14235 0.5030
5.9926 0.5700 6.5.371 0 .5233

20 6. 077 1 0.5891 20 6.6 1409 0.5 1445

6.1514 5 0.6064 6 .7360 0.5638
6.2258 0 .6223 6.8236 o . se is
6.2917 0.6370 6.90145 0.5977
6.3528 3.6535 6.979! 0.6128

25 ~.‘4096 0 .6630 25 7.0492 0 .6267

6.4625 3.6747 7. 1141 0.6396
6.5119 0.6855 7.17148 0.6516
6.5582 0.6957 7.2316 0.6629
6.6017 0.7032 7.2850 0.673 (4

30 6.6426 0.71111 30 7.335 1 0.€e33

13 
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sequen t ial decisions fac ed by any commander take a form

similar to that of Moser ’s Game , al though realis t ic con -

siderations produce considerable complexities. Nevertheless ,

an understanding of the generalized Moser~ Game is useful as

a basis for deducing an optimal engagement strategy. 

~~~~~~
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